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1. Three particles of masses 3m, 4m and 2m are placed at the points (−2, 2) , (3, 1) 
and ( p, p) respectively.  

 The value of p is such that the distance of the centre of mass of the three particles from 
the point  (0, 0)  is as small as possible.  

 Find the value of p.
(7)
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sum of moments= total mass x COM moments = force x perpendicular distance

Also written as ↓ ↓

M for porce we using the cordinates

mixi = "Mi use mass xg but
i = 1 i = 1

for 21 axis since 'g' is in every
term it cancels out

migi= so we can just use

for y axis mass

Using rector form

sm(2) + 4m( 3 ) + 2m(p) = qm (n-y)
(3) + (2) + (2) = (i)

6 + 2p = 92 10 + 2p = 97
n = 6

+2 y
= 10 +2p

Distance from10,
0) :

(6 +2p)
2

+ (10
+p)2 = 4224p + 36

+ 4pt4O to
8

= 8p2 + 64p + 136

81

Sp+ 64p + 16 3 pr this to be of minimum value 8 p2 + 64p + 136 must be at

minimum distance from 10
,
0 81 a minimum

↳ completing the square 8(p2 + 8 p + 1) = ) ALTERNATIVE = Calculus

↳
8((p + 4)2 + 17 - 16] = 2+

p
= - 4 at minimum

, 2 p + 8 = 0

2p =
- y

p
= - 4
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Question 1 continued
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(Total for Question 1 is 7 marks)
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2.
y

x

y = 8e−x

R

ln 2O ln 5 A

C

D

B

Figure 1 Figure 2

 A uniform plane figure R, shown shaded in Figure 1, is bounded by the x-axis, the line 
with equation  x = ln 5 ,  the curve with equation  y = 8e−x  and the line with equation  
x = ln 2 .  The unit of length on each axis is one metre.  

 The area of R is 2.4 m2 

 The centre of mass of R is at the point with coordinates  (x, y) .

 (a) Use algebraic integration to show that  y = 1.4
(4)

 Figure 2 shows a uniform lamina ABCD, which is the same size and shape as R.  The 
lamina is freely suspended from C and hangs in equilibrium with CB at an angle θ° to 
the downward vertical.

 (b) Find the value of θ
(6)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

as My = Segy"de To find COM g lamina under y between

a and b in y axis

Applying formulae where y
= mass per unit area I cancels out anyways)

2 .49j = 9) y2 da

Cancelling out I
2 .45 =

1 Se-zed
2.45 = [ -1
2 . 47

=
- 16e

- 213
- (- 16e

-212)
2 . 45 =

- 16(zy) + 16(4)

24y
= 1 . 4
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Question 2 continued
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_____________________________________________________________________________________
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_____________________________________________________________________________________

b) Ma = Sexy dr Tofind COM of Lamina under y between

a and b inse axis

Applying formula wherg
= mass per unit area (carcels out anyways)

2 . 45 = &'Oxe do

In 2

Integration by parts
Let u = 8x v =

- e
-

x = 8 ze = e
-

Vend
=
- Oxe

-
- Be

- "
+ C

2 . 4 = [- Oxe
-

- Bex)
2 .4 = - 8(n3)e

my
- ze

- m 5
- ( - 8((nz)e -

2

- Be
- (2)

2 . 45 = - (n3 - - - ( 4(n2 - 4)

2 .4x = - z((n3 + 1) + 4((nz + 1)
z = 1 . 08 (3st)

in At u = 15
, y

= Be3
X = = - j

Y X = G - 5
X =

In Y = In5 - ze use exact value from
/part b)

It

Ano =

X =
In 5 - z

= 2 . 63
..

W 5

0 = arctan (2 . 63 ... )
8 = 690
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Question 2 continued
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Question 2 continued
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(Total for Question 2 is 10 marks)
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3. A particle P of mass 0.5 kg is moving along the positive x-axis in the direction of 
x increasing.  At time t seconds  (t  0) ,  P is x metres from the origin O and the 
speed of P is v m s−1.  The resultant force acting on P is directed towards O and has 
magnitude kv2 N, where k is a positive constant.  

 When  x = 1 , v = 4  and when  x = 2 , v = 2

 (a) Show that  v = ab x , where a and b are constants to be found.
(6)

 The time taken for the speed of P to decrease from 4 m s−1 to 2 m s−1 is T seconds.

 (b) Show that  T = 
1

4 2ln

(4)
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a) Vm5 F = mu3

O
· D Forming differential equation

- kv2

0 . 5Rg 0 .

3r = - kv

separating variables Jav = J-Rd
and integrating

Env = - kx + C

Applying conditions 2 = 1
,

V = 4 &14 = - R + x = 2
,

v = 2 z(n2 = -2k + c

① ②

0- Inz =③

⑤into0 In4 = -*In2 + c

c = ((n4 +((n]
c = z(n]

: Env = -ExIn2 + Ezin2

Inv = - z(n2 + 3(n]

Inv = In ((z)) + 1n8

In v = In (8 · (i)) I raise to et
V = 8x(z)

where a = 0 and b=
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Question 3 continued
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b) F =

ma
Applyingformulae

-- I substituteh fundin the

Sav = S. inzat Separating vanablest integrating
with boundaries 4 to 2 for v and

[-*] = [ti2]]obTp
- 2 + y = - T(nz

T =

i
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Question 3 continued
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Question 3 continued
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(Total for Question 3 is 10 marks)
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4.

O r

4

3
r

Figure 3

 A uniform solid cylinder of base radius r and height  4
3
r  has the same density as a 

 uniform solid hemisphere of radius r.  The plane face of the hemisphere is joined to a 
plane face of the cylinder to form the composite solid S shown in Figure 3. 

 The point O is the centre of the plane face of S.  

 (a) Show that the distance from O to the centre of mass of S is  73
72
r

(4)

 The solid S is placed with its plane face on a rough horizontal plane.  The coefficient of 
friction between S and the plane is μ.  A horizontal force P is applied to the highest point 
of S.  The magnitude of P is gradually increased.

 (b) Find the range of values of μ for which S will slide before it starts to tilt.
(5)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a) Snape Mass Mass Ratio COM from base

Hemisphere Ear3 x * f I r + Gr=

Cylinder Erg 2 = r

S 2trf 3 d

Mili = I Mi Using sum of moments about diameter of the base

where sum of moments of each component
is equal to the singular moment through the COM IXr +2x = 3d

Use mass ratios to simplify calculation = 3d

d =
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Question 4 continued
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_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________
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_____________________________________________________________________________________
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_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

P
> N

b) Resolving pres horizantally (7)

Er
F = P

R
&

where F = friction
~

A r
rig Fmax = MR = Ming

Solid slides if P > MMg

Taking moments about A

Erp = rmg

p = Emg (if moments are balanced)
.. Till if PS Mg since solid will have a resultant moment

So slides before it starts to tilt when jumgmg

.: M
=> 07

since pe > 0 for
all

pu anyways
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Question 4 continued
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_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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Question 4 continued
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_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

(Total for Question 4 is 9 marks)
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5.

40 cm

P
O

A

60 cm

Figure 4

 A particle P of mass 0.75 kg is attached to one end of a light inextensible string of length 
60 cm.  The other end of the string is attached to a fixed point A that is vertically above 
the point O on a smooth horizontal table, such that  OA = 40 cm.  The particle remains in 
contact with the table, with the string taut, and moves in a horizontal circle with centre O, 
as shown in Figure 4.

 The particle is moving with a constant angular speed of 3 radians per second.

 (a) Find (i) the tension in the string,

    (ii) the normal reaction between P and the table.
(7)

 The angular speed of P is now gradually increased.

 (b) Find the angular speed of P at the instant P loses contact with the table.
(4)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a) Rescuing pres vertically (4) :

68=
T 0 . 73g = TrsO + R

3 = ET + R
sing= 0 .6

0 . 6 m

0.4m
Tr Treso Reselving pres herizontally (t) : Circular motion

Tsine
r

Tsing = mw2

F --- T = 0 .73(3) (E)
r= =

Grom Pythagoras).75g
i) T = = 405N

ii) substituting T into expression above

R = 1 - 5(4 . 05) = 4 . 65N
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Question 5 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

b) When ball loses contact with table : R = O

R (4) : Trs = 0 .

Thy R(t) : Tano = 0 . 73x
(vertically T = 0 . 73g = = Chorizontally

T= N w = Tsing

T = 11 : 025N 0 . 75 x
=

11 .025(f)
0 .75x

w= rads" = 4 . 93 rads
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Question 5 continued

_____________________________________________________________________________________
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_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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Question 5 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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(Total for Question 5 is 11 marks)
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6.

O

v

P

α
l

Figure 5

 A particle P of mass m is attached to one end of a light inextensible string of length l.  
The other end of the string is attached to a fixed point O.  The particle is held with the 
string taut and OP horizontal.  The particle is then projected vertically downwards with 

 speed u, where  u2 = 
9

5
gl .  When OP has turned through an angle α and the string is still 

 taut, the speed of P is v, as shown in Figure 5.  At this instant the tension in the string is T.

 (a) Show that  T = 3mg sin α + 
9

5
mg

(6)

 (b) Find, in terms of g and l, the speed of P at the instant when the string goes slack. 
(3)

 (c) Find, in terms of l, the greatest vertical height reached by P above the level of O. 
(4)
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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Vertica, ,

· (x

"Isind
rT

n mysing

a) Conservation of energy Reselving prees towards centre of aide

Emv" = Ema + mgh T-mgsinx=
Mv2 = Emu- + mylsing T =

mysinx+
v

=
= u2 + 2g)sinx

v= + zgkindmgrind + m ( + 2gkind
L

T = mysina +g
+ Imgsin

T=

Emgsina + An
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Question 6 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

b) When string goes stack T = 2) Greatest vertical height reached => T=0 since string goes stack

Set T = O initial vertical component of speedVast
O = 3mgsina + A after string goes slack

-

Amg = Smgsin
Vertical

=
VISX

isinx = - To-a
sinx = -3

substituting into equation for2
x = - 36. 90

,
216 . 98

v2 =

& + 2g) sin

v =

94 + 29)(--)
Then use SOVAT to calculate max height reached

v=
v

=
= u2 + 2as

- = 19 () +2

V = 0 ia = -

9

: Total height above 0=
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Question 6 continued
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Question 6 continued
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(Total for Question 6 is 13 marks)
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7. A light elastic spring has natural length l and modulus of elasticity  4mg .  A particle P of 
mass m is attached to one end of the spring.  The other end of the spring is attached to a 

 fixed point A.  The point B is vertically below A with  AB = 
7

4
l.  The particle P is 

 released from rest at B. 

 (a) Show that P moves with simple harmonic motion with period  π
l
g

(7)

 (b) Find, in terms of m, l and g, the maximum kinetic energy of P during the motion. 
(3)

 (c) Find the time within each complete oscillation for which the length of the spring is 
less than l.

(5)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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a) T =

X where x = extension At equilibrium
N

X = modulus of clasticity
L = natural length

L

E = Xx where E = elastic energy
aT

21 me
~

Reaching pres vertically at equilibrium

T-mg = ma my
a =0

T = mg

ge = my

e = T
A

Reaching pres vertically
E

------- equilibrium (x = 0)
T -

mg
= -mi

nT -

Wa negative since acceleration opposes direction of
vmy 4mg (x +e)

- mg = - mi displacement
L = g

-
+e-mg = -mi

: SHM with W=
i =

-1
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Question 7 continued
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b) Vmax = aw a amplitude w = angular speed

KEmax = Im UmaR

Vmax
REmax = Im (i)

= [my()
REmax = Emg(

C
& A

3)

4

24 ---
Min

-- -

- - -
:I

- ---v

Max L

↳ I complete oscillation

x = acswt (when starting from max/min displacement)

a = Gust
when x

= -t (spring's length = 1)
Idisplacement from equilibrium)

- 4 = East + Time penidy one oscillation= =2
lest = -

orange = T =T(

+ = ↳ T

FI : time where spring is less than L = T-2

t = 14 - - 2(y) =-
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Question 7 continued
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Question 7 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

www.mymathscloud.com
www.mymathscloud.com

www.m
ym

ath
sc

lou
d.c

om

https://goodnotes.com/


28

*P62684RA02828*

 

Question 7 continued
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(Total for Question 7 is 15 marks)

TOTAL FOR PAPER IS 75 MARKS
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